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STRINGY HODGE NUMBERS AND P-ADIC HODGE THEORY 


TETSUSHIITO 


Abstract. The aim of this paper is to give an application of p-adic Hodge 
theory to stringy Hodge numbers introduced by V. Batyrev for a mathemat¬ 
ical formulation of mirror symmetry. Since the stringy Hodge numbers of 
an algebraic variety are defined by choosing a resolution of singularities, the 
well-definedness is not clear from the definition. We give a proof of the well- 
definedness by using arithmetic techniques such as p-adic integration and p- 
adic Hodge theory. Note that another proof of the well-definedness was already 
obtained by V. Batyrev himself by motivic integration. 


1. Introduction 


Let X be an irreducible normal algebraic variety over C with at worst log- 
terminal singularities. Let p: Y —> X be a resolution of singularities such that the 
exceptional divisor Exc(p) is a normal crossing divisor whose irreducible compo¬ 
nents D i,..., D r are smooth. Let Ky = P*Kx + YH=i A with a, G Q, a* > —1, 

I := II.•••;. D°J := (a- £ wh\(iw Dj ) for a nonempty subset J C /, 

and := Y\Exc(p). We define the stringy E-function E st (X\ u, v ) of X by the 
formula 


E s t(X-u,v) :=J2 E ( D °EU,v) J] 

JCI j£j 


UV — 1 


uv) c 


1 ’ 


where E(D 0 /,u,v ) := Ylk(~l) k . h h3 (Gr Q)) u * l v° is the generating 
function of the Hodge numbers of Dj (for details, see §2). The aim of this 
paper is to give an alternative proof of the following theorem by using arithmetic 
techniques such as p-adic integration and p-adic Hodge theory. 


Theorem 1.1 i lBa2j . Theorem 3.4). The stringy E-function E st (X]u,v) defined 
as above is independent of the choice of a resolution of singularities p: Y —> X. 


Assume that E st (X-,u,v) is a polynomial in u, v. We define the stringy Hodge 
numbers iifi (X ) of X by the formula 

E„(X-u, v) = h%(X) mV. 
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Therefore, by Theorem 11,11 we establish the well-definedness of stringy Hodge 
numbers (see also |Ba2|). 

Here we briefly recall a motivation of stringy Hodge numbers. A mathematical 
formulation of mirror symmetry predicts a symmetry between Hodge numbers 
of mirror varieties ( }Ba2| .[M]h However, some examples discovered by physicists 
show that the mirror of a smooth variety is not necessarily smooth. In some 
cases, usual Hodge theory doesn’t work well. To overcome this difficulty, Batyrev 
introduced stringy Hodge numbers as above ( |Ba2j ). Note that, for proper smooth 
varieties, stringy Hodge numbers coincide with usual Hodge numbers (Corollary 
EH). Today, several examples of stringy Hodge numbers are computed from the 
viewpoint of mirror symmetry ( [IBB] . p3D| . jBM] 1. 

There is an interesting history about the proofs of Theorem 11.11 First of all, 
Batyrev proved that birational Calabi-Yau manifolds have equal Betti numbers 
by using arithmetic techniques such as p-adic integration and the Weil conjecture 
(BSD)' Batyrev’s method was generalized to birational smooth minimal models 
by Wang ([ Wall ). The author obtained the equality of Hodge numbers by using p- 
adic Hodge theory ( |Itlj . [It,2j ). Wang informed the author that he also obtained 
the same result independently 1 |Wa2| . [Wadj 1. On the other hand, in order to 
generalize Batyrev’s work on Betti numbers to Hodge numbers, Kontsevich and 
Denef-Loeser developed the theory of motivic integration, which is a geometric 
analogue of p-adic integration (KEMnEl). Then, Batyrev introduced stringy 
Hodge numbers and proved Theorem 11.11 bv using motivic integration ( |Ba2| ). 
In this paper, we give an alternative proof of Theorem 11.11 by using arithmetic 
techniques such as p-adic integration and p-adic Hodge theory. In some sense, 
this paper goes back to Batyrev’s original arithmetic approach to Theorem 11.11 
by using p-adic Hodge theory. 

It is worth mentioning that Theorem 11.11 has non-trivial applications to bi¬ 
rational geometry. Firstly, for an algebraic variety A" over C with a crepant 
resolution p: Y —> X, the Hodge numbers of Y are independent of the choice 
of a crepant resolution p: Y —>■ X (Corollary 12.81) . This is an important fact 
in the study of McKay correspondences in higher dimensions ( iBDj ). Secondly, 
birational smooth minimal models (e.g. Calabi-Yau manifolds) have equal Hodge 
numbers (Corollary 12.91) . Note that, in dimension < 3, this can also be proved 
by the minimal model program ( [KMM] . [ Ka] . [Kolj ). Recently, a new proof valid 
in any dimension was given by the weak factorization theorem of birational maps 

( [AKMW] . [ Vel j. Ve2j 1. 

This work is a continuation of author’s previous works f [Itl| . |It2j h Here we 
note the new ingredients of this paper. Basically, the main ideas are the same as 
before. However, to treat stringy Hodge numbers rather than usual Hodge num¬ 
bers, we calculate some p-adic integration explicitly (Proposition 13.41) . Further¬ 
more, to treat combinations of cohomology groups of open varieties, we generalize 
arithmetic techniques to open varieties by a method of Dcligne ( [De4] . jDehj ) and 
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work on the level of a Grothendieck group of Galois representations rather than 
individual cohomology groups (§5). 
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2. Stringy Hodge numbers 

In this section, we recall the definition of stringy E-functions and stringy Hodge 
numbers as in |Ba2] . 

For an algebraic variety X over C, the cohomology groups with compact sup¬ 
port H*( X, Q) have canonical mixed Hodge structures by Dcligne ( |De5| , [IMS)- 
Let W be the weight filtration on X, Q). Each graded quotient GiYH^(X, Q) 
has a pure Hodge structure of weight l. Let E J (Gr^iL^(A, Q)) be the dimension 
of the (i,j)-th Hodge component of Gif + jH^(X, Q) for each i,j. 

Definition 2.1. We define the E-function of X as follows : 

E(X;u,v) := £(-l)“ ]T fc«(Gr* H*(X, Q)) «V. 

k i,j 

For a proper smooth variety X over C, 

E(X-u,v) = J^(-l ) i+J E J '(A>V, 

where h l ' J (X) := dim LP(A, \) are the Hodge numbers of A" as usual. 

Remark 2.2. E-function satisfies the following properties : 

(1) For Z C A", we have E(A; u, v ) = E(X\Z ; u, v ) + E(Z; w, v). 

(2) For A, Y, we have E (X x Y; u , v ) = E(A"; u 1 v ) ■ EiY]u,v). 

These two properties imply that it is natural to consider E-function as a ring 
homomorphism from a Grothendieck group of algebraic varieties over C to Z[u, v] 

(mrara). 

Let A" be an irreducible normal algebraic variety over C, and p: Y X be a 
resolution of singularities such that the exceptional divisor Exc(p) is a SNCD (= 
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simple normal crossing divisor). Recall that a NCD (= normal crossing divisor) is 
simple if its irreducible components are smooth. Let the irreducible components 
of Exc(p) be Di,... , D r . 

Definition 2.3 ( Tla2j . Definition 2.2). X is said to have at worst log-terminal 
singularities if the following conditions are satisfied : 

(1) The canonical divisor Kx is a Q-Cartier divisor (i.e. X is Q-Gorenstein). 

(2) We have 

r 

Ky = p*Kx + ^2 °' D ' ( a * G Q); 

2=1 

with a, > —1 (Note that this condition is independent of the choice of a 
resolution p: Y —> X). 


Let A", Y be as above and A" have at worst log-terminal singularities. Let 
/ r}. For any subset J C /, we set 


Dj:= 



J ^0 
J = 0 ’ 


Dj ■■= Dj\ J Dj. 

jei\J 


Definition 2.4 ( ;Ba21) . Definition 3.1). We define the stringy E-function of A as 
follows 

E st (X-, u, v ) := ^ E(D°j] u, v ) [J { T a . + ^_ r 
Jci jeJ ^ 1 

where E(D°j ; u, v ) is the A-function of a smooth variety Dj defined in the begin¬ 
ning of this section. 


Remark 2.5. Since X has at worst log-terminal singularities, Oj + 1 > 0 and 
hence the denominator of E st (X;u,v) doesn’t vanish (see also Remark 13.71) . In 
general, E st (X;u,v) is an element of Q(n 1/,d , v 1 ^) fl Z[[u 1//d , v 1//d ]], where d is the 
least common multiplier of the denominators of a*. 

Definition 2.6. Assume that E st (X] u, v ) is a polynomial in u, v. Then we define 
the stringy Hodge numbers E'lf (A") of X by the formula 

E„(X- u, v) = K ‘‘d X ) uV - 


Theorem 11.11 claims that E st ( A; u, v ) is independent of the choice of a resolution 
p: Y —> A. Once we know the well-definedness, we can prove some fundamental 
properties of E st (X-,u,v) as in I la2 . 

Here we list some immediate corollaries of Theorem o 

Corollary 2.7 ( [Ba2| . Corollary 3.6). If X is smooth, then we have E st ( A; u, v ) = 
E( A; u, v ). 








STRINGY HODGE NUMBERS 


5 


Proof. This is clear because the identity map id: X —> X is a resolution of 
singularities. □ 

Corollary 2.8 (| lBa2l . Theorem 3.12). Let X be a projective algebraic variety 
over C which has a crepant resolution p: Y —* X (i.e. p: Y —> X is a resolution 
of singularities with p*K x = K y ). Then the stringy Hodge numbers of X are 
equal to the Hodge numbers ofY : 

tij(X) =»*(¥) for all i,j. 

In particular, the Hodge numbers of Y are independent of the choice of a crepant 
resolution p: Y —> X. Moreover, we can compute the Hodge numbers of a crepant 
resolution of X via any resolution of singularities which is not necessarily crepant. 


Proof. This is clear because we have E st (X',u,v) = E(Y]u,v) by Definition 12.41 

□ 


Corollary 2.9 ( jRal].[R^.[Wn.jV^. jW^ . [W^ . jW^ .[Ti^.jTt2jh Let X, Y 

be projective smooth algebraic varieties over C whose canonical bundles are nef 
(i.e. X,Y are minimal models/ Assume that X,Y are birational. Then X,Y 
have equal Hodge numbers: 


ti’ j (X) = lY j (Y) for all i,j. 


Proof. Let /: A" ---» Y be a birational map. Then we can find a projective smooth 
algebraic variety Z over C and birational morphisms g: Z ^ X, h: Z —> Y such 
that / o g = h as birational maps and g*K x = h*K y . 


Z 



This is a standard fact in birational geometry (for example, see [It2l. Proposition 
2.1). We consider g: Z ^ X (resp. h: Z —> Y) as a resolution of singularities 
of X (resp. Y) and calculate the stringy Hodge numbers of A" (resp. Y). Since 
g*K x = h*K y , we have 

E(X; u, v ) = E st ( A; u, v ) = E st (Y ; u, v ) = E(Y\ u, v). 

Hence we have the equality of the Hodge numbers of X, Y. □ 


3. p-ADIC INTEGRATION 

In this section, we recall Weil’s p-adic integration developed in [ We j which is 
an important tool to count the number of rational points valued in a finite field. 
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3.1. Setup. Let p be a prime number and Q p be the field of p-adic numbers. Let 
F be a finite extension of Q p , R C F be the ring of integers in F, m C R be the 
maximal ideal of R, F 9 = R/m be the residue field of F with q elements, where 
q is a power of p. For an element x G F, we define the p-adic absolute value \x\ p 
by 

f q- v W x^O 

|l! - := \0 x = 0 

where v: F x —> Z is the normalized discrete valuation of F. 

Let X be a smooth scheme over R of relative dimension n. We can compute the 
number of the F^-rational points |£(F g )| by integrating certain p-adic measure on 
the set of -R-rational points X(R). We note that X(R) is a compact and totally 
disconnected topological space with respect to its p-adic topology. 

3.2. p-adic integration of regular n-forms. Let c o G T(X, be a regular 

n-form on X, where f 1^/r i s the relative canonical bundle of X/R. We shall 
define the p-adic integration of u on X(R) as follows. Let s G X(R) be a ir¬ 
rational point. Let U C X(R) be a sufficiently small p-adic open neighborhood of 
s on which there exists a system of local p-adic coordinates (xi, ... ,x n }. Then 
{xi,..., x n } defines a p-adic analytic map 

x = (xi,..., x n ): U —» R n 

which is a homeomorphism between U and a p-adic open set V of R n . By using 
the above coordinates, tv is written as 

uj = f(x) dx i A • • • A dx n . 

We consider f(x) as a p-adic analytic function on V. Then we define the p-adic 
integration of u on U by the equation 

L 

where | f(x)\ p is the p-adic absolute value of the value of f at x e V and d/X\ ■ ■ ■ dx n 
is the Haar measure on R n normalized by the condition 

/ dx i • • • dx n = 1. 

JR n 

By patching them, we get the p-adic integration of u on X(R) 



3.3. p-adic integration of gauge forms. By definition, a gauge formu on X is 
a nowhere vanishing global section c a G T(X, • The most important property 
of p-adic integration is that the p-adic integration of a gauge form computes the 
number of F^-rational points. 


\u\ p := / |/(x)| p dx i • --dxn. 


'v 
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Proposition 3.1 ([We], 2.2.5). Let X be a smooth scheme over R of relative 
dimension n and to be a gauge form on X. Then 



l*(F,)l 


Proof. Let 


<p: X(R) —> X{W q ) 

be the reduction map. For x G X(F g ), <p _1 (x) is a p-adic open set of X{R). 
Therefore, it is enough to show 




Let {xi,..., x n } C Ox,x be a regular system of parameters at x. Then {xi,..., x n } 
defines a system of local p-adic coordinates on <p _1 (x) and 

x = (xi,..., x n ): <p _1 (x) —» m n C R n 


is a p-adic analytic homeomorphism. Let to be written as to = f(x) dx i A - • - A dx n . 
Since a; is a gauge form, /(x) is a p-adic unit for all x G <p _1 (x). Therefore 
\f(x)\ p = 1. Then we have 



since m n is an index q n subgroup of R n . 


□ 


3.4. Computation of some p-adic integration. Since we treat stringy Hodge 
numbers rather than usual Hodge numbers in this paper, we need to compute 
some p-adic integration slightly more general than Proposition 13.11 

Firstly, we generalize p-adic integration to an r-pluricanonical form with pole 
for rGZ, r > 1 (M). An r-pluricanonical form on X is a section of {TL^, R )® r 
over X. An r-pluricanonical form with pole on X is a section of over if 

for some open subscheme if C X. Let to be an r-pluricanonical form with pole on 
X. As in the case of a regular n-form, locally in p-adic topology, to is written as 

to = /(x) {dx i A • • • A dx n ) 0r 

for a system of local p-adic coordinates {xi,... ,x n }. Note that /(x) is a p-adic 
analytic function with pole. Then we put 

[ M l /r ■= [ \f(x)\p r dxx ■ ■ -dx n , 

Ju Jv 

where U, V are the same as in the case of a regular n-form, if the right hand 
side converges. If the above integral converges for each open neighborhood, by 
patching them, we get the p-adic integration of an r-pluricanonical form with 
pole oo on X(R) 
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Note that, if ui has no pole, the above integral always converges. 


Remark 3.2. For an r-pluricanonical form with pole u, uj® s is an rs-pluricanonical 
form with pole. If the p-adic integration of a; converges, then the p-adic integra¬ 
tion of uj® s also converges and they are equal : 




0sil/rs 
^ Ip i 


Before computing p-adic integration, we recall the notion of relative SNCD. 

Definition 3.3. Let /: X —> S be a proper smooth morphism of schemes and 
X) = ai&i {cij 6 Q, a* 7 ^ 0) be a Q-divisor on X. Let Supp X) = UI=i ®i 
be the support of X). Then, X) is called a relative SNCD (=simple normal cross¬ 
ing divisor) on X/S if all D* are smooth over S and, for all x E SuppX), the 
completion of Supp X) ■—> X at x is isomorphic to 

Spec (Os,/( x) [[a;i, • • •, x d }]/{x 1 ■ ■ ■ x s )) ^ Spec (d SJ{x) [[x i,..., x d ]]) 

for some s (1 < s < d), where d is the relative dimension of /. 


Note that Ox.x is isomorphic to Os,f( x )[[xi, ■ ■ ■, £<*]] because / is smooth of 
relative dimension d. In this case, for a nonempty subset J C {1,..., r}, f) ;eJ 
is smooth of relative dimension d — | J\ over S. 


We shall compute some p-adic integration. Let X be a smooth scheme over R 
of relative dimension n, and a; an r-pluricanonical form with pole on X. Assume 
that 

S 

div(a>) = ^2 

i =1 

is a relative SNCD on X/R. Let / s}. For any subset J C /, we set 


X)j ;= 


J 7 ^ 0 
J = 0 ’ 


® J := DA (J Vj. 

jei\J 


Proposition 3.4. Let notation be as above. If ai > —r for all i E I, then the 
p-adic integration of u on X(R) converges, and we have the following equality : 



Dswin 

Jci j&J 


Q~ 1 

g{a j /r)+l _ l ‘ 


If r — 1 and a; is a gauge form, Proposition 13.41 is nothing but Proposition 13.11 


Proof. The idea of proof is the same as in Proposition 13.11 Let 
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be the reduction map. For x e j£(F 5 ), <p 1 (x) is a p-adic open set of X(R). 
Therefore, it is enough to show 



u n 

j£l s.t. xeSj(Fq) 


g - 1 

q(aj/ r )+l _ -|_ • 


Let {ji,.. j k } = {j e I \ x e. Dj(¥ q )}. Let {x lr .. .,x n } C O x ,x be a regular 
system of parameters at x such that is defined by Xi = 0 at x for all i = 

1 ,... ,k. Then { or , ..., x n } defines a system of local p-adic coordinates on ip~ l {x) 
and 

x = (xi,...., x n ): <p - 1 (x) —> m n C R n 
is a p-adic analytic homeomorphism. Here u is written as 

c o = f(x) ■ X\ h ■ ■ ■ x k jk (dx i A • • • A dx n ) (Sr , 
where f(x) is a p-adic unit for all x G <p - 1 (x). Hence we have 

\f(x)-x^ ...x^\y r = \x^ /r --. \x k \l jJ \ 

and 

I Mp /r = f \xi\ a p 1,r ■ ■ ■ \x k \ a p k/r dxi - ■ ■ dx n 

= (yj k \ x Ap n/r ' • ' \x k \ a p k/r dxi • ■ -dx^j . 

Therefore, it is enough to prove the following lemma. □ 


Lemma 3.5. For k \,..., k n e Q, ki> —1, the p-adic integration 



x n \p n dxi ■ ■ ■ dx n 


converges and is equal to 



g ~ 1 

qki~\~ l — ^ 


Proof. By iterated integration, we have 



Therefore, it is enough to prove 



xi\ p X dxi 

g~ 1 

qk+i _ i 



for k G Q, k > —1. 

We compute the above integration by dividing m as a disjoint union of open 
subsets as follows 

OO 

in — T| m l \m l+1 . 

i =1 
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For x € m I \m ,+1 , \x\* = The volume of m l is q~ l with respect to the 

normalized Haar measure on R since rn l is an index q' subgroup of R. Therefore, 
we have 



x \p dx = J2 q ~ ik vo1 KW +1 ) = , r ifc (<r i - <T (m) ) 

Z—1 z=l 


= (i - 9 - 1 ) 

z=l 


Since k > — 1, this inhnite sum converges to 

_i g-( fe+1 ) _ 1 q - 1 

1 q ’’l-q-ik+i) q ' q k+i_i 

Hence we have Lemma Id.51 and the proof of Proposition Id.41 is completed. □ 


Remark 3.6. A curious reader may notice the similarity between the expression 
in Proposition Id.41 and Definition 12.41 This is the starting point of our proof 
of Theorem o However, to recover information of the Hodge numbers of an 
algebraic variety from the numbers of rational points valued in finite fields, we 
need some deep arithmetic results as in §4, §5. 


Remark 3.7. As we easily see in the proof of Lemma fd. 51 the p-adic integration 



x n \p"dxi ■■■dx n 


doesn’t converge if ki < —1 for some i. This is the reason why we assume 
singularities are at worst log-terminal in Theorem ll.il 


4. Local Galois representations 

In this section, we recall some results on Galois representations over a p-adic 
held. 

4.1. Setup. Let K be a number held. Let p be a maximal ideal of Ok- Let 
K p be a p-adic completion of K, Ok p the ring of integers of K pi = Ok/P the 
residue held of K p with q elements, and A' p (resp. ¥ q ) an algebraic closure of Ii p 
(resp. W q ). 

We have an exact sequence 

0 -* I Kp -> Gal(Ap/Ap) -♦ Gal(F g /F g ) -* 0, 

where Ik p is called the inertia group at p. Gal(F ? /F ? ) is topologically generated 
by the q-th power Frobenius automorphism x 1 —► x q of ¥ q . The inverse of this 
automorphism is called the geometric Frobenius element at p and denoted by 
Frobp. 
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Let X be a proper smooth variety over K p , l be a prime number, and k be an 
integer. Then the absolute Galois group Gal(K p /K p ) acts continuously on the l- 
adic etale cohomology group H k t (X x , Qi) of X-j^ = X® Kp K p . In the followings, 
we recall some results on this Gal (fhp / K p )-representation in two cases. 


4.2. The Weil conjecture. Firstly, we assume that p doesn’t divide l and there 
exists a proper smooth scheme X over Ok p such that X ®o Kp Kp = X (X is called 
a proper smooth model of X over Ok p )- 

In this case, the action of Ik p on H k t (X x ,Q/) is trivial (i.e. the action of 
Gal{K p /K p ) is unramified ) by the proper smooth base change theorem on etale 
cohomology. Therefore, the action of Gal(K p /K p ) is determined by the action of 
Frobp. 


By the Lefschetz trace formula for etale cohomology, we have 

k 


Furthermore, the characteristic polynomial Pkifi) = det(l—f-Frob p ; H k t (X-% , < 
has integer coefficients and all complex absolute values of all conjugates of the 
roots of Ppfit) are equal to q~ k / 2 by the Weil conjecture proved by Dcligne 
f lDe2l 


4.3. p-adic Hodge theory. Secondly, we assume p divides l. Let p = l in this 
subsection to avoid confusion. Here no assumption is required for a model of X 
over Ok p (see Remark 14.11) . In this case, the action of the inertia group Ik p on 
H k t (X~ k,Q p ) is highly nontrivial. 

Let C p be a p-adic completion of K p on which Gal(/l p / K p ) acts continuously. 
We recall the Tate twists. Let Q p (0) := Q p , Q p (l) := (limp p n) ® Zp Q p . For 
n > 1, let Q p (n) := Q p (l) lgln , Q p (— n) := Hom(Q p (n),Q p ). Moreover, for a 
Gal(/L p / A p)-represent at ion V over Q p , we define V(n) := V ® q p Q p (n) on which 
Gal(A'p//lp) acts diagonally. 

p-adic Hodge theory claims the Hodge-Tate decomposition of X as follows : 
© W(X, Q‘ x ) ® K C p(-i) = H%(x Xt , %) ® Qr c p . 

i,j s.t. i+j=k 

This is an isomorphism of G al (K p /K p )-r epresentat ions, where G&\(K P /K p ) acts 
on H l {X,Qi > x ) trivially and on the right hand side diagonally. This is a p-adic 
analogue of the usual Hodge decomposition over C. 

As a consequence, we can recover the Hodge numbers of X from its p-adic 
Galois representations as follows : 

dim*, W(X,n‘ x ) = dim K Md (X^.Qp) ® Qp CMf**'™, 
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since (C p ) Gal ( Kp / Kp ' ) = Ii p and (C p {i)) Gal ^ Kp / Kp l = 0 for all i 0 ( Taj, Theorem 

2 ). 

Remark 4.1. A proof of Hodge-Tate decomposition was given by Faltings ([Fa] 
for recent developments of Faltings’ theory of almost etale extensions, see also 
IB ). Tsnji gave another proof by reducing to the semi-stable reduction case by 
de Jong’s alteration dm However, in this paper, we don’t need the full version 
of the Hodge-Tate decomposition. For example, the result of Fontaine-Messing 
is enough for us (EH). They proved the Hodge-Tate decomposition when Ii p is 
unramified over Q p , dim A < p, and X has a proper smooth model over Ok p - 

Remark 4.2. Moreover, by Lemma. [Q1 below, we see that the semisimplification 
of the p-adic Galois representation determines the Hodge numbers by the same 
formula : 

dim*, H>(X, ST X ) = ® Qr C r (i)f‘' (w ' /K '\ 

where ss denotes the semisimplihcation as a Gal(/l p //l p )-representation. This is 
a simple but important observation to consider the Hodge-Tate decomposition 
on the level of a Grothendieck group of Galois representations in §5. 

Lemma 4.3 ( |lt2j . Lemma 4.4). Let 0 —> V\ —> V 2 —> V 3 —> 0 be an exact 
sequence of finite dimensional Gal(iF p / K p ) -representations over Q p . We define 
h n (Vi) := dim(V) ®q p C p {n)) Gal ^ Kp / Kp " > for i = 1,2,3 and an integer n. As¬ 
sume that dimV^ = J2 n h n (V 2 ). Then, we have dim Li = ^2 n h n (\\), dim V 3 = 
h n (V 3 ) and h n (V 2 ) = h n (V L ) + h n (V 3 ) for all n. 

Proof. This lemma seems well-known to specialists. However, we write the proof 
for reader’s convenience. In general, we have an inequality 'Yh n h n (Vi) < dim V t 
for i = 1,3 (for example, see [FojL We shall prove these inequalities are in fact 
equalities. Since the functor taking Ga 1 (A" p / K p )-invariant is left exact, 

0 -> (W^C \ p {n)) G ^ p / Kp ) -♦ (H 2 ® Qp C p (n)) Gal ^o/^) 

-* (T 3 ®q p ( C p {n)) Gal( W p / K A 

is exact. Therefore h n (V 2 ) < h n {V\) + h n (V 3 ) for all n. Then we have 

dim h 2 = hn ( v z) < ^(^i) + hn ( v ^ ~ dim Fl + dim 1/3 

n n n 

= dim V 2 

and hence Lemma roi □ 

5. Global Galois representations 

In this section, we recall some results on Galois representations over a number 
held. 
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5.1. An application of the Chebotarev density theorem. The following 

proposition is very important to work on the level of a Grothendieck group of 
Galois representations over a number field. This is an application of the Cheb¬ 
otarev density theorem in algebraic number theory. 

Proposition 5.1 ([Si], 1.2.3). Let K be a number field and l be a prime number. 
Let V,V' be two continuous l-adic G&\(K / K)-representations such that they are 
unramified outside a finite set S of maximal ideals of Ok and satisfy 

Tr(Frob p ; V) = Tr(Frob p ; V') for all p £ S. 

Then V and V' have the same semisimplifications as Gal(K / K)-representations. 

Proof. We only sketch the proof (for details, see |Se|). By the representation the¬ 
ory of a group over a field of characteristic 0 (see, for example, Bourbaki, Algebre, 
Ch. 8 , §12, n° 1, Prop 3.), the semisimplification of a Gal (A/A)-representat.ion 
is determined by the traces of all elements in G&1(K/K). Roughly speaking, the 
Chebotarev density theorem claims the set of conjugates of Frob p for p ^ S' is 
dense in Ga \(K/K). Since V and V' are continuous representations, the equality 
of the traces of all Frob p for p ^ S implies the equality of traces of all elements 
in Gsl{K/K). Hence we have Proposition 15.11 □ 

5.2. Some Grothendieck groups of Galois representations. Let K be a 

number field. Let S' be a finite set of maximal ideals of Ok- We fix a prime 
number l = p and a maximal ideal p dividing p. For every maximal ideal q of 
Ok, we fix an inclusion K K q . Then we consider Gal (K q /K q ) C Gal (K/K) 

for all q. 

Definition 5.2. Let K(l,S, p) be an abelian group generated by Gel{K/K)- 
representations V satisfying the following conditions modulo an equivalence re¬ 
lation ~ generated by [Vi] + [V 3 ] ~ \Vf\ for an exact sequence 0 —> Vj. —> Vi —> 

G, -0 : 

( 1 ) (unramifiedness outside S') For q ^ S', acts on V trivially. 

( 2 ) (weight filtration outside S') There exists a unique increasing Gal(iF/iL)- 
equivariant filtration W on V indexed by integers satisfying the following 
conditions : 

(a) W k V = 0 for k < 0, W k V = V for k > 0. 

(b) For every integer k and q ^ S', the characteristic polynomial P k (t) = 
det(l — t ■ Frob q ; GrJfH) has integer coefficients and all complex 
absolute values of all conjugates of the roots of P k (t) are equal to 

\0 K /q\~ k/2 - 

W is called the weight filtration on V. 

(3) (Hodge-Tate decomposition at p) For integers i,j, we define 

ftp (VO := dim K ,(Gr£y ® Qff C p ( S )) G “ , < :r -"'''», 

Then these numbers satisfy ^ ■ fifi (V) = dimQ p V. 
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K(l,S, p) is called the Grothendieck group of /-adic Gal(A'/A')-representations 
which are unramified outside S', have weight filtration, and have Hodge-Tate 
decomposition at p. Let [H] denote the class of V in K(l,S,p). An element in 
K(l,S,p) is called a virtual Gel(K / K)-representation. 

Similarly, for an integer k, we define K(l, S,p,k) as a subgroup of K(l,S,p) 
generated by V satisfying Grj^H = V. K(l,S, p,k) is called the Grothendieck 
group of /-adic Gal( K/ AT)-representations which are unramified outside S', have 
weight k, and have Hodge-Tate decomposition at p. 

By the Jordan-Holder theorem, K(l,S,p ) is a free abelian group generated 
by simple Gal (AT/ A')--represent at ions in K(l,S,p). Since [H] = X]fc[GrJfH] in 
K(l, S, p), a simple Gal (A'/A')-represent at ion has only one weight. Therefore we 
have a direct sum decomposition as follows : 

K(l,S,p) = Q)K(l,S,p,k). 

fee z 

We define a ring structure on K(l, S', p) by extending the tensor product [Hi] ■ 
[H 2 ] = [Hi <g> V 2 ] - Then K(l, S', p) has a structure of a graded ring by the direct 
sum decomposition as above. 

Definition 5.3. For a Gal (A / A')-representation V in K(l,S, p), we define the 
p-adic E-function of V as follows 

A p (H;u,u) 

Remark 5.4. It is easy to see that p-adic A-function satisfies the following 
properties (see Remark 14.211 : 

(1) For an exact sequence 0 —> V\ — > V2 —■ ► V3 — > 0, we have E v (V\ ; u, v) + 
Ap(H 3 ; u, v ) = A p (H 2 ; u, v). 

(2) For Vi, H 2 , we have E p (V 1 ® H 2 ; u, v ) = E p (V i; u, u) • A p (H 2 ; u, v ). 

Therefore, we can extend p-adic A-function to a ring homomorphism 

A p : A(Z,S,p) —vZ[u,v]. 

5.3. A variant — Galois represenations with fractional weight filtration. 

Let d be an integer. Here we introduce a variant of K(l, S', p) whose weight filtra¬ 
tion is indexed by elements of instead of Z. This generalization is necessary 
to treat the Q-Gorenstein case in the proof of Theorem 11.11 

Firstly, we introduce the fractional Tate twists Q p (a) (a 6 4Z) as follows (for 
usual Tate twists, see §4.3). Let A be a field and p be a prime number. Q p (l) is 
a one dimensional Gal(A/A)-representation 

p: Gal(A/ L) — GL(Q P (1)) - GL(1,Q P ) = Q p x 
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whose image is contained in Z*. There exist open subgroups U C Z*, V C Z p 
on which log: U —> V and exp: V —> U converge. Therefore, if we replace L by 
a finite extension of it, 


Pi/d'- Gal (L/L) 3 


o 


exp 


d 


l°g(p( cr )) e Q; 


4 X 


is a one dimensional Gal(L/L)-representation. We denote it by Q p (i). Then 
Q P Cl)® d = Qp(l)- For n G Z, n > 1, we define Q p (§) := Q p (±)®", Q p (-f) : = 
Hom(Q p (*|), Q p ). If L is a finite extension of Q p , we can similarly define C p (a) (a G 
^Z) as in §4.3. 


We define K(l, S, p)\/ d as follows. Let notation be the same as in §5.2. K(l, S, p)i/d 
is an abelian group generated by Gal(AT / K )-represent at ions V satisfying the fol¬ 
lowing conditions modulo an equivalence relation ~ as in Dehnition IQ : 


(1) The conditions 1, 2 in Def ini tion 15.21 but we allow k to be an element of 
f Z instead of Z. 

(2) Let L be a finite extension of K p such that Q p (^) exists as a Gal(L/L)- 
representation. For i , j G ^Z, we define 

h^(V) : = dim L (Gr^.D 

Then these numbers satisfy JT g i z h l p (V) = dinm V. It is easy to see 
that this condition is independent of the choice of L. 


Similarly, we can define K(l, S,p,k)i/ d as in §5.2. We have a direct sum de¬ 
composition as follows : 

K(l,S, p) 1/d = ®K(l,S,p, k) 1/d . 

fcG^Z 

K(l, S, p)\/ d has a ring structure. Moreover, we can define p-adic E -function 
E p (V;u,v) G ’L[u 1 l d ,v 1 l d \ for a Gal(ib/it')-representation V in K(l,S,p)\/ d . We 
can extend this to a ring homomorphism 

E p :K(l,S,p) 1/d -^Z[u 1 / d ,v 1 / d \. 

Example 5.5. Assume that Q p (i) exists as a Gal(/l//l ^representation. Note 
that this is satished if we replace K by a finite extension of it. For n G Z, Q p (^) 
is in K(l, S, p, —^j)y d such that E p (Q p (^)-,u, v) = u - n / d v ~ n / d . 


6. Conclusion — the number of F^-rational points, Galois 

REPRESENTATIONS, HODGE NUMBERS 

We combine the results in §4 and §5. Let notation be the same as in §5.2. 

Let X be a proper smooth variety over K which has a proper smooth model X 
over (Spec Ok)\S. Then i/| t ( X-^, Q i) is a Gal (A' / /^-representation in K ( l , S,p,k) 


16 


TETSUSHI ITO 


by the Weil conjecture and p- adic Hodge theory (§4). Let X-^ = X K and 
Xc — X ®k C. We dehne a virtual representation 

Wt-Yy.Q,)] := 

k 

as an element in K (/, S', p). Then we have the equality of two ^-functions 

E(X c ;u,v) = J B p ([iL| t (W 7r ,Q i )];M,n) 

by comparing the Hodge decomposition of Xc and the Hodge-Tate decomposition 
of X Kp = X ®k Kp. 

6.1. The proper smooth case. By combining results in §4 and §5, we have 
the following results which connects the number of rational points and the Hodge 
numbers. 

Proposition 6.1. Let X be a proper smooth variety over K which has a proper 
smooth model X over (Spec Ok)\S. Then we have 

\X(0 K /p)\ = Tr(Frob p ; [Hf t (X w , Q,)]) for all p £ S. 

Proof. This follows from the Lefschetz trace formula for etale cohomology as in 
§4.2. □ 

Corollary 6.2. Let X (resp. Y) be a proper smooth variety over K which has a 
proper smooth model X (resp. X)) over (Spec O k )\S. If\X(0 K /p)\ = \X)(0 K /p)\ 
for all p ^ S', then [Hf t (X^, Q ; )] = [iL| t (Y^, Q;)] in K(l,S, p). Therefore, we 
have 

E(X c ; u, v ) = E p ([Hf t (Xx, Q z )]; u, v) = E p ([Hf t (Y w , Q/)]; u, v) = E(Y C ; u, v). 
Namely, the Hodge numbers of Xc and 1c ore equal. 

Proof. By Proposition 16.II we have 

Tr(Frob„; [H’ t ( Ay, Q,)]) = Tr(Fl'ob p ; [J^lTy, Q,)]) for all P £ S. 
Hence we have [Hf t ( X^, Q;)] = [Hf t (Y-j^, Q ; )] in K(l, S, p) by Proposition l5.il □ 

6.2. A generalization — the open smooth case. Next we generalize Propo¬ 
sition 16.11 to open smooth varieties by a method of Deligne in |De4| . jPehj . 

Let X be a smooth variety over K of dimension n which is not necessarily 
proper. Assume that there exists a proper smooth variety A" D A" over K such 
that X\X = [JU A is a SNCD on X. Let I = {1,... ,r}, Dj = fj ?gJ Dj for a 
nonempty subset J C /, and D$ = X. We consider the following formal sum 

Qi)i - ^MmyAv.Q,)], 

k 

where H( 6t denotes etale cohomology with compact support. By the following 
Lemma IQ we see that the above is an equality in K(l, S', p). 






STRINGY HODGE NUMBERS 


IT 


Lemma 6.3. Let X be as above. Then we have 

E(X C ’,u,v) = E((Dj) c -,u,v) E Z[u,v], 

Jd 

[HUX^Qi)} = E(- 1 ) |J| [^((AOy.Qi)] e K(l,S, p). 

Jd 

Furthermore, we have the equality of two E-functions for X: 

E(X c ; u, v) = E p ([HE t (Xx, Q'/)]; u, v). 

Proof. Since Dj is a proper smooth variety over K, we have E((Dj)c’,u,v) = 
E r mMD.,) *,<&)]; u,v). Therefore, the second assertion immediately follows 
from the first assertion. 

We only prove the first assertion for E(X c; u, v) since we can prove the case of 
[HE t (Xj£, Q;)] by the same way. The Leray spectral sequence for the inclusion 
Xc ^ X c induces a spectral sequence 

£? = © H‘((Dj) c , Q )(-j) =s- H l+i (X c , Q), 

Jd s.t. \J\=j 

which defines the canonical mixed Hodge structure on H k (Xc, q) (ra,ra, 
3.2). For a finite dimensional Q-vector space V with mixed Hodge structure, we 
define E(V;u , v) = Yhi j Y+jV) u l v 3 . Note that 

2 n 

E(X c ; u, v) = J^(-l ) k E(H k c (X c , Q); u, v) 

k=1 

by definition. By the above spectral sequence, we have 

2 n 

J2(~V i+i E(E' 2 J -,u,v) = J2(-0 t E(H k (X c ,Qy,u,v). 

i,j k= 1 

By Poincare duality, H k (X c,Q) is dual to H^ n ~ k (Xc, Q)(n). Then we have 

£(tf fc (X c ,Q);«,u) = (uv) n E(Hf n ~ k (Xc, Q); u -1 , v _1 ). 

On the other hand, since Dj is a proper smooth variety of dimension n — 
|J|, H l ((Dj)c, Q)(—| J\) is dual to H 2n ~ 2 ^~ l ((Dj)c,Q){n) by Poincare duality. 
Hence we have 

E{Etf-u,v) = ^(mO” J F(i/ 2ri - 2|J| - i (( J Dj)c,Q);w" 1 W- 1 ). 

\J\=i 

By combining them, we have Lemma 1(1.31 □ 


Next we consider the numbers of rational points valued in finite fields. For 
open smooth varieties, we have the following generalization of Proposition 16.11 
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Proposition 6.4. Let X be a smooth variety over K. Assume that there ex¬ 
ist a proper smooth scheme X over (Spec Ok)\S and an open subscheme X C 
X whose generic fiber is X such that X\X = (J' =1 a relative SNCD on 

X/ (Spec Ok) \S (see Definitional^). Then we have 

\X{0 K /p)\ = Tr(Frob p ; [H* c - t (X w , Q z )]) for all p £ S. 

Proof. Let I = {1,... ,r}, Dj = f| ieJ Dj for a nonempty subset J C /, and 
23 0 = X. Then, by inclusion-exclusion principle, we have 

\X(0 K /P)\ = ^(-1) |J| \Vj{0 K /p)\ for all p £ 5. 

Jci 

Since 23 j is proper and smooth over (Spec Ok)\S, we have 
|Sj(Oa-/P)I = Tr(Frob p ; [^((AO*.«*)]) 
by Proposition 16.11 On the other hand, we have 

lV(FVobp; [H‘ C:i t (AV, Q01) = £(-l) |J| Tr(FVob fi [H'MDj'fc, Qi)]) 

Jci 

by Lemma 16.31 By combining them, we have Proposition 16.41 □ 

We note the following generalization of Corollary 16.21 for open smooth varieties, 
although we don’t use it later. 

Corollary 6.5. Let X (resp. Y) be a smooth variety over K satisfying the 
assumptions in Proposition Wl 1 Let X C X (resp. 2) C 2 )) be a scheme over 
(Spec Ok)\S as in Proposition \6.fl If \X(Ok/p)\ = |2)(C>x/p)| for all p fi S , 
then [HY t (Xj<, Q,)] = [HYfiY-^, Q z )] in K(l,S, p). Therefore, we have 

E(X c ;«, v) = E p ([HY t (X w , Q,)];«, v) = E p ([H* c .,(¥«, Q,)]; u, v) = E(Y C ; u, v). 

Proof. The proof is the same as Corollary 16.21 By Proposition 16.41 we have 

Tr(Frob p ; [HYfiX^ Q,)]) = Tr(Frob p ; [HYfiYj,, Q,)]) for all p £ S. 

Hence we have [HYfiX^, Q;)] = [Hf.jY-^, Q z )] in K(l,S, p) by Proposition 15.11 
The equality of two iCfunctions follows from Lemma 16.31 □ 


7. Proof of the main theorem 

Lemma 7.1. Let f: X —> T be a proper smooth morphism of schemes of char¬ 
acteristic 0 and 23 = ULi®, be a relative SNCD on X/T (see Definition l,h,4) . 
Assume that T is connected. Then, all fibers of X\23 —> T have the same E- 
functions defined in Definition [HH 
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Proof. For a nonempty subset J C T)j = H jej^j * s P r °P er and 

smooth over T. Hence by the theorem of Deligne ( [Delj . 5.5), the Hodge numbers 
of all hbers of Dj — > T are the same. On the other hand, the X-function of a hber 
of X\D —> T can be computed from the Hodge numbers of a hber of Dj —» T by 
Lemma IQ Therefore, we have Lemma rm □ 

Proof of Theorem E B Let p: Y —>■ X and p' : W —> X be as in Theorem 1 1.11 
Let n be the dimension of X. To avoid confusion, here E st (X]u,v) p (resp. 
E st (X;u,v) p i ) denotes the stringy .E-function of A" defined by p\ Y —» X (resp. 
p': Y' —* X) as in Definition 12.41 We shall prove the equality E st (X]u,v) p = 
E st (X-u,v)p. 

Step 1. Let /: Y ---> Y 1 be a birational map between Y and Y’ over X. Let 
Z be a resolution of singularities of the closure of the graph of / such that the 
exceptional divisor of Z —> X is a SNCD. Let r: Z — > Y and t ' : Z —* Y 1 be a 
natural morphism. Then we have the following commutative diagram. 


Z 



X 


If we prove E st (X-,u,v) p = E st (X-,u, v) pOT and E st (X;u,v) p > = E st (X;u,v) p ' OT >, 
then we have Theorem o since p o r = p' or'. In the followings, we only 
prove E st (X; u, v) p = E st ( A; u, u) p0 r since we can similarly prove E st (X\ u, v) p > = 
E s t(X , li, u)p'or'• 

Step 2. We shall show that we may assume everything is defined over a number 
held. Since A", Y, Z, p, r are defined over a subheld K' of C which is finitely 
generated over Q. Therefore, there exists an irreducible variety T over a number 
held K such that the function held of T is K'. Furthermore, there exists a 
proper scheme A, proper smooth schemes Y, Z, and proper birational morphisms 
p-.Y^f A, t: Z —■> Y over T such that A x T SpecC = A", Y x T SpecC = 
Y, Z Xt Spec C = Z, p Xt Spec C = p, t Xt Spec C = r. We write 

r s 

K Y = P*Kx + ^2 a. t D u K z = (p o t)*K x + ^ bjEj 

i= 1 j =1 

with di e Q, di > —1, bj e Q, bj > —1 (see Dehnition 12.31) . Let d be a positive 
integer such that (Kx)® d is a Cartier divisor on A. Then a,, bj are elements of 

a z - 
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By replacing T by a Zariski open subset of it, (Kx)® d extends to a Cartier 
divisor (f 'l r ~/ T )® d on X over T, and we can write 

r s 

an y,T = P'^x/T + E a ‘ 5 >, n l/T = 05 ° fyn n x /T + E 

i=l j= 1 

where D = |J■ =1 A (resp. if = U^=i A) I s a relative SNCD on Y/T (resp. 
Z/T) (see Definition 13.811 . By replacing K by a finite extension of it, there 
exists a K -rational point t G T(K ). Let X t ,Y t , Z tl p t ,f t be the fibers at t. Then 
E s t(X',u, v) p = E st (X t \ u, v)p t and£st(A; u, v) poT = E st (Xpu,v)~ pt oft by Lemma 
O By replacing X, Y, Z, p, r by X t , Y tl Z t , p t ,r t , we may assume A", Y, Z, p, r are 
dehned over a number field K. 


Step 3. By the same argument as above, there exists a hnite set S of maxi¬ 
mal ideals of Ok, a proper scheme X, proper smooth schemes 2), 3, and proper 
birational morphisms p: 2) —> X, f: 3—^2) over X = (Spec Ok)\S such that 
generic fibers of X, 2), 3, p ,f are A, Y, Z, p, r. By enlarging S', (iPx) 0d extends to 
a Cartier divisor (Q^/ T )® fi on X over X and we can write 

r s 

^0)/X = P + X/ “^3/T = (P°t) ^x/X + 

i=l i=l 

where 2) = (J ' =1 X),; (resp. <£ = Uy=i &j) I s a relative SNCD on 2)/X (resp. 3/X). 

Step 4. Here we compute p-adic integration. Take a maximal ideal q ^ S. 
Let K q be a q-aclic completion of K and Ok„ be the ring of integers of K q . Let 
q = \Ok/(\\ be the number of elements of the residue held. 


Let ill, ■ ■ ■ ,ilfc be a hnite open covering of X over X such that (^x/x) 0d I s a 
trivial line bundle on each it; (1 < i < k). Let uii be a nowhere vanishing section 
of (D^ x ) 0d on if,;. 

Then, by Proposition 13.41 we can compute the p-adic integration of p*up on 
p-%.(0 Kq ) as follows : 


lp- 1 Ui(0 K .) 


I P*Ui 


11/d 

Ip 


E Itsynp-^KF,) 


JC{l,...,r} 


n 


g -1 

q°:i + 1 — 1 ’ 


where X)} are the same as in Proposition 13.41 Note that div(p*ay) = i da^i 
since ay is a nowhere vanishing section of 


Similarly, for (p o we have 

1 


'(P°r) UliXOxJ 


l(pof)V,|J /,< = ^ 


E l(e}.n(pof)- I u i )(F,)| 


9-1 




i'eJ 


, 9 


6,v+l 


1 ’ 


where (£}, is the same as above. 
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On the other hand, by the change-of-variable formula for p-adic integration, 
we have 


lpr'Ui{0 K .) 




' {p°T)- 1 Ui( 0 K[ ) 


\(po T )*UJ i \ lld . 


Since the same is true for all hnite intersections of it,;, by inclusion-exclusion 
principle, we conclude 


e i®s( f i)i n 


9-1 




o°i+i - 1 q n 

j&J H H 


e i £ t(u)invi 


q -1 


j'eJ 1 q 


+1 


- 1 


Note that the above argument works for every q ^ S. 

Step 5. Fix a prime number l = p and a maximal ideal p of Ok dividing 
p. By enlarging S, we may assume that S contains all maximal ideals of Ok 
dividing p. We shall work on the level of the Grothendieck group K(l, S, p)i/d of 
Ga\(K / K )-representations introduced in §5. 

We rewrite the conclusion of Step 4 in the following form by multipling q n ■ 
HU(<l aj+1 — 1) ' riy=i(9 ftj,+1 — 1) on both sides : 


n^v+'-i) e (i® 5 (f»)i iig-!)iig“ j+i - i) 

j'= 1 Jc{l,...,r} ' j£J j<£J 


n<^ +i - 1 ) e i«t(u)in< 9 - i )n> v+i - 1 ) 

j=l J'C{l,...,s} ^ j'eJ' j%J' 


By replacing K by a hnite extension of it, we may assume that Qi(^) exists as 
a Gal(/F/A')-representation (see Example 15.51) . Recall that the image of Frob q 
in Gal(F g /F g ) is the inverse of the q-th power automorphism i h i 9 of ¥ q . 
Therefore, for m G ^Z, Tr(Frob q ; Qi(m)) = q~ m . 

Hence, we have the following equality in K(l, S, p)i/d : 


j '=i 


H([Q,(-V-1)]-1) E (K,*(W) 7 f,Q.)]n(»'(-i)]-i) 


J C{l,...,r } 

nao*(-i •!)]-!) 




3=1 J'C{l,...,s} ' 

j'<£J' ' 


j£j 


naQK-m-i) 

j'eJ' 
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since the traces of Frob q on the both sides are equal for all q ^ S (see Proposition 
lb. 41 and Proposition EU)- Note that 1 G K(l, S, p)i/d denotes the class of the 
trivial Gal(/l //t')-representation. 

Since E p (Qi(m)]u,v) = u~ m v~ m for m € by Example 15.51 we have 

iW +i -d e (^rac^.^nt”- 1 )]!'!™)^ 1 - 1 ) 

j'= 1 JC{l,...,r} ' jeJ j£J 

= n«““)“' +i -1) e (B((s30€;M.»)n(“ t ’- i )n«“ t ’) v+i - 1 ) 

j=i J'c{i,...,s} ^ j'eJ' j'iJ' 

by Lemma ESI By Definition 12.41 this proves E st (X c -,u,v) p = E st (Xc',u,v) pOT 
and hence Theorem o □ 

Remark 7.2. If we take an appropriate p in Step 5, we can use the result of 
Fontaine-Messing (Remark 14.11 FM j). Therefore, we don’t need the full version 
of the Hodge-Tate decomposition for Theorem 11.11 
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